
Chiziqli va volterra bo‘lmagan kvadratik stoxastik 
operatorlarning superpozisiyasi haqida 

 
Boboxon Mamurov 

b.j.mamurov@buxdu.uz 
Mohinur Shukurullayeva 

Buxoro davlat universiteti 
 

Annotatsiya: Chiziqli va kvadratik operatorlarning superpozitsiyasi 
o‘rganilgan. Qo‘zg‘almas nuqtalari topilgan va bu nuqtalarning tipi aniqlangan. 

Kalit so‘zlar: chiziqli operatorlar, kvadratik stoxastik operatorlar, 
superpozitsiya, qo‘zg‘almas nuqtalar 

 
On the superposition of linear and non-volterra quadratic 

stochastic operators 
 

Bobokhan Mamurov 
b.j.mamurov@buxdu.uz 

Mohinur Shukurullayeva 
Bukhara State University 

 
Abstract: The superposition of linear and quadratic operators is studied. Fixed 

points are found and the type of these points is determined. 
Keywords: linear operators, quadratic stochastic operators, superposition, fixed 

points 
 
Ixtiyoriy operatorlarning, jumladan kvadratik stoxastik operatorlarning ham 

qo‘zg‘almas nuqtalarini, ularning tiplarini va ularning tadbiqlarini o‘rganish muhim 
masalalardan hisoblanadi [1-15]. Kvadratik stoxastik operatorlar va ularning 
tadbiqlari bilan bog‘liq masalalar ustida muhim izlanishlar olib borilgan va hozirda 
ham olib borilmoqda, masalan: 

1-ta’rif. Ta’rif 1Agar ixtiyoriy x, y ∈ D(A) elementlar ixtiyoriy α, β ∈ ℂ sonlar 
uchun αx + βy ∈ D(A) bo‘lib 

A(αx + βy) = αAx + βAy 
tenglik o‘rinli bo‘lsa, A ga chiziqli operator deyiladi. 
2-ta’rif. Faraz qilaylik, A va B - ikkita chiziqli operator bo‘lib, ulardan 

A E fazodan E1 fazoga B esa E1 fazodan E2 fazoga amal qiladi. x∈ 𝐸 elementga 𝐸2 
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fazoning z=B(Ax) elementini mos qo‘yuvchi operatorga A va B operatorlarning 
ko‘paytmasi(superpozitsiyasi) deb ataladi. 

E={1,2, .. . ,n} bo‘lsin. 
1-ta’rif. 𝑆𝑛−1= { x=(𝑥1, . . .,𝑥𝑛)∈ 𝑅𝑛 : 𝑥𝑖 ≥0, ∑ 𝑥𝑖

𝑛
𝑖=1  =1} 

to‘plamga (n-1) o‘lchamli simpleks deb aytiladi. 
Bunda har bir x∈ 𝑆𝑛−1 element E to‘plamda ehtimollik o‘lchovi bo‘lib, uni n ta 

elementdan iborat qandaydir biologik(fizik) tizim kabi talqin qilish mumkin. 
3-ta’rif. Kvadratik stoxastik operator deb, V: 𝑆𝑛−1 → 𝑆𝑛−1  

V : 𝑥𝑘
ʹ  = ∑ 𝑝𝑖𝑗,𝑘

𝑛
𝑖,𝑗=1  𝑥𝑖𝑥𝑗, 

ko‘rinishdagi operatorga aytiladi, bunda 𝑝𝑖𝑗,𝑘 ≥ 0,  𝑝𝑖𝑗,𝑘 =𝑝𝑗𝑖,𝑘, ∑  𝑝𝑖𝑗,𝑘
𝑛
𝑘=1 =1.

  
4-ta’rif.Agar V(x) = x tenglik bajarilsa,x ∈ Sn−1 nuqta kvadratik stoxastik 

operator V uchun qo‘zg‘almas nuqta deyiladi. 
5-ta’rif. Agar V operatorning J Yakobiani λ qo‘zg‘almas nuqta birlik aylanasida 

hech qanday xos qiymatga ega bo‘lmasa λ qo‘zg‘almas nuqta giperbolik qo‘zg‘almas 
nuqta deyiladi. 

Giperbolik qo‘zg‘almas nuqtalarni turlari: 
Agar matritsaning Yakobiani J(λ) ning barcha xos qiymatlarida absolyut qiymat 

bo‘yicha birdan kichik bo‘lsa, qo‘zg‘almas nuqta (λ) tortuvchi deb ataladi. 
Agar barcha xos qiymatlarda birdan katta bo‘lsa itaruvchi, qolgan barcha 

holatlarda egar deyiladi [16-27]. 
Bu maqolada satr bo‘yicha stoxastik bo‘lgan  

𝐴 = (
1 0 0
𝛼 1 − 𝛼 0
𝛽 𝛾 1 − 𝛽 − 𝛾

) matrisa bilan aniqlanuvchi chiziqli operator va  

𝑉: {

𝑥1 = 𝑥1
2 + 2𝑥2𝑥3

𝑥2 = 𝑥2
2 + 2𝑥1𝑥3

𝑥3 = 𝑥3
2 + 2𝑥1𝑥2

 Volterra bo‘lmagan kvadratik stoxastik operatorlarning 

superpozisiyasi B=A(V(x)) operatorning qo‘zg‘almas nuqtalari va ularning tiplari 
o‘rganiladi. 

B operatorning ko‘rinishi quyidagicha bo‘ladi: 
𝐵 =

(

𝑥1
2 + 2𝑥2𝑥3

𝛼𝑥1
2 + (1 − 𝛼)𝑥2

2 + 2(𝛼𝑥2𝑥3 + (1 − 𝛼)𝑥1𝑥3)

𝛽𝑥1
2 + 𝛾𝑥2

2 + (1 − 𝛽 − 𝛾)𝑥3
2 + 2(𝛽𝑥2𝑥3 + 𝛾𝑥1𝑥3 + (1 − 𝛽 − 𝛾)𝑥1𝑥2)

) (1) 

B operatorning qo‘zg‘almas nuqtasini topamiz (𝐵𝑥 = 𝑥): 
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{

𝑥1
2 + 2𝑥2𝑥3 = 𝑥1

𝛼𝑥1
2 + (1 − 𝛼)𝑥2

2 + 2(𝛼𝑥2𝑥3 + (1 − 𝛼)𝑥1𝑥3) = 𝑥2

𝛽𝑥1
2 + 𝛾𝑥2

2 + (1 − 𝛽 − 𝛾)𝑥3
2 + 2(𝛽𝑥2𝑥3 + 𝛾𝑥1𝑥3 + (1 − 𝛽 − 𝛾)𝑥1𝑥2) = 𝑥3

 (2) 

(2) sistemaning 1- tenglamasini 𝑥1 ga nisbatan yechamiz: 
𝑥1

2 + 2(1 − 𝑥1 − 𝑥3)𝑥3 = 𝑥1;  𝑥1
2 − 2𝑥3𝑥1 − 2𝑥3

2

= 𝑥1;  𝑥1
2 − (2𝑥3 + 1)𝑥1 − 2(𝑥3

2 − 𝑥3) = 0 

 𝑥1(1,2) =
2𝑥3 + 1

2
± √(

2𝑥3 + 1

2
)
2

+ 2(𝑥3
2 − 𝑥3)

= 𝑥3 +
1

2
±

1

2
√4𝑥3

2 + 4𝑥3 + 1 + 8𝑥3
2 − 8𝑥3 = 

𝑥3 +
1

2
±

1

2
√12𝑥3

2 − 4𝑥3 + 1 ;  12𝑥3
2 − 4𝑥3 + 1 ≥ 0.𝐷 = 16 − 48 < 0, 

𝑎 = 12 > 0; Barcha x3 lar uchun 

 0 ≤  𝑥3 +
1

2
−

1

2
√12𝑥3

2 − 4𝑥3 + 1 ≤ 1 ⟹ 0 ≤ 𝑥3 ≤ 1 

𝑥1 = 𝑥3 +
1

2
−

1

2
√12𝑥3

2 − 4𝑥3 + 1 deb olamiz, chunki, 

 0 ≤ 𝑥3 +
1

2
−

1

2
√12𝑥3

2 − 4𝑥3 + 1 ≤ 1  

Tengsizlik faqat 𝑥3 = 0 bo‘lganda o‘rinli.  
Bu holda 𝑥1 = 1, 𝑥2 = 0, 𝑥3 = 0 , (1; 0; 0) ∈ 𝑆2, ammo u (2) sistemaning 2- 

tenglamasini qanoatlantirmaydi (𝛼 = 0) 
Endi (2) sistemaning 2-tenglamasini 𝑥2 ga nisbatan yechamiz: 

𝑥1 = 1 − 𝑥2 − 𝑥3 bo′lgani uchun  
𝛼(1 − 𝑥2 − 𝑥3)

2 + (1 − 𝛼)𝑥2
2 + 2𝛼𝑥2𝑥3 + 2(1 − 𝛼)(1 − 𝑥2 − 𝑥3)𝑥3 = 𝑥2 

𝛼((1 − 𝑥2) − 𝑥3)
2
+ (1 − 𝛼)𝑥2

2 + 2𝛼𝑥2𝑥3 + 2𝑥3 − 2𝑥2𝑥3 − 2𝑥3
2 − 2𝛼𝑥3 + 2𝛼𝑥2𝑥3

+ 2𝛼𝑥3
2 = 𝑥2 

𝛼(1 − 2𝑥2 + 𝑥2
2 − 2(1 − 𝑥2)𝑥3 + 𝑥3

2) + (1 − 𝛼)𝑥2
2 + 4𝛼𝑥2𝑥3 + 2𝑥3 − 2𝑥2𝑥3

− 2𝑥3
2 − 2𝛼𝑥3 + 2𝛼𝑥3

2 = 𝑥2 
𝛼 − 2𝛼𝑥2 + 2𝑥2

2 − 2𝛼𝑥3 + 2𝛼𝑥2𝑥3 + 𝛼𝑥3
2 + 𝑥2

2 − 𝛼𝑥2
2 + 4𝛼𝑥2𝑥3 + 2𝑥3 − 2𝑥2𝑥3

− 2𝑥3
2 − 2𝛼𝑥3 + 2𝛼𝑥3

2 = 𝑥2 
𝑥2

2 + (6𝛼𝑥3 − 2𝑥3 − 2𝛼 − 1)𝑥2 + (3𝛼 − 2)𝑥3
2 − (4𝛼 − 2)𝑥3 + 𝛼 = 0 

𝑥2(1,2) = −(3𝛼𝑥3 − 𝑥3 − 𝛼 −
1

2
)

± √(3𝛼𝑥3 − 𝑥3 − 𝛼 −
1

2
)
2

− (3𝛼 − 2)𝑥3
2 + (4𝛼 − 2)𝑥3 − 𝛼 = 
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[
 
 
 
 
 
 
 
 
 
 (3𝛼𝑥3 − 𝑥3 − 𝛼 −

1

2
)
2

− 3𝛼𝑥3
2 + 2𝑥3

2 + 4𝛼𝑥3 − 2𝑥3 − 𝛼 =

9𝛼2𝑥3
2 + 𝑥3

2 + 𝛼2 +
1

4
− 6𝛼𝑥3

2 − 6𝛼2𝑥3 −

−3𝛼𝑥3 + 2𝛼𝑥3 + 𝑥3 + 𝛼 − 3𝛼𝑥3
2 + 2𝑥3

2 + 4𝛼𝑥3 − 2𝑥3 − 𝛼 =

= 9𝛼2𝑥3
2 + 𝑥3

2 − 6𝛼𝑥3
2 − 3𝛼𝑥3

2 + 2𝑥3
2 − 6𝛼2𝑥3 −

−𝛼𝑥3 + 𝑥3 + 4𝛼𝑥3 − 2𝑥3 + 𝛼2 +
1

4
=

(9𝛼2 − 9𝛼 + 3)𝑥3
2 + (3𝛼 − 6𝛼2 − 1)𝑥3 + 𝛼2 +

1

4 ]
 
 
 
 
 
 
 
 
 
 

 

= −(3𝛼𝑥3 − 𝑥3 − 𝛼 −
1

2
) ± √(9𝛼2 − 9𝛼 + 3)𝑥3

2 + (3𝛼 − 6𝛼2 − 1)𝑥3 + 𝛼2 +
1

4
; 

(9𝛼2 − 9𝛼 + 3)𝑥3
2 + (3𝛼 − 6𝛼2 − 1)𝑥3 + 𝛼2 +

1

4
≥ 0 

𝑥3(1,2) =
(3𝛼 − 6𝛼2 − 1) ± √3𝛼 − 2

2(9𝛼2 − 9𝛼 + 3)
 ;  3𝛼 − 2 ≥ 0 𝛼 ≥

2

3
  

3𝛼2 − 3𝛼 + 1 > 0, (𝐷 = 9 − 12 < 0, 3 > 0) barcha 𝛼 lar uchun 
−(3𝛼 − 6𝛼2 − 1) = 6𝛼2 − 3𝛼 + 1 > 0 (𝐷 = 9 − 24 < 0, 6 > 0) 

0 ≤ 𝑥3 ≤
6𝛼2 − 3𝛼 + 1 − √3𝛼 − 2

6(3𝛼2 − 3𝛼 + 1)
 ; 

6𝛼2 − 3𝛼 + 1 − √3𝛼 − 2

6(3𝛼2 − 3𝛼 + 1)
≤ 𝑥3 ≤ 1 

𝛼 ≥
2

3
 bo′lganda 𝑥1 + 𝑥2 + 𝑥3 = 1, (𝑥3 = 𝑥) 

𝑥 +
1

2
−

1

2
√12𝑥2 − 4𝑥 + 1 − (3𝛼𝑥 − 𝑥 − 𝛼 −

1

2
) − 

√(9𝛼2 − 9𝛼 + 3)𝑥2 + (3𝛼 − 6𝛼2 − 1)𝑥 + 𝛼2 +
1

4
+ 𝑥 = 1; 

−
1

2
−

1

2
√12𝑥2 − 4𝑥 + 1 − 3𝛼𝑥 + 𝑥 + 𝛼 +

1

2

− √(9𝛼2 − 9𝛼 + 3)𝑥2 + (3𝛼 − 6𝛼2 − 1)𝑥 + 𝛼2 +
1

4
= −2𝑥 

−
1

2
√12𝑥2 − 4𝑥 + 1 + 𝛼 − √(9𝛼2 − 9𝛼 + 3)𝑥2 + (3𝛼 − 6𝛼2 − 1)𝑥 + 𝛼2 +

1

4

= 3(𝛼 − 1)𝑥 
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2𝛼 − 6(𝛼 − 1)𝑥 − √12𝑥2 − 4𝑥 + 1

= 2√(9𝛼2 − 9𝛼 + 3)𝑥2 + (3𝛼 − 6𝛼2 − 1)𝑥 + 𝛼2 +
1

4
 

4𝛼2 + 36(𝛼 − 1)2𝑥2 + 12𝑥2 − 4𝑥 + 1 − 24𝛼(𝛼 − 1)𝑥 − 4𝛼√12𝑥2 − 4𝑥 + 1 + 

12(𝛼 − 1)𝑥√12𝑥2 − 4𝑥 + 1

= 4((9𝛼2 − 9𝛼 + 3)𝑥2 + (3𝛼 − 6𝛼2 − 1)𝑥 + 𝛼2 +
1

4
) 

4𝛼2 + 36(𝛼2 − 2𝛼 + 1)𝑥2 + 12𝑥2 − 4𝑥 + 1 − 24𝛼2𝑥 + 24𝛼𝑥 + 4(3(𝛼 − 1)𝑥

− 𝛼)√12𝑥2 − 4𝑥 + 1

= 36𝛼2𝑥2 − 36𝛼𝑥2 + 12𝑥2 + 12𝛼𝑥 − 24𝛼2𝑥 − 4𝑥 + 4𝛼2 + 1 

36𝛼2𝑥2 − 72𝛼𝑥2 + 36𝑥2 − 24𝛼2𝑥 + 24𝛼𝑥 + 4(3(𝛼 − 1)𝑥 − 𝛼)√12𝑥2 − 4𝑥 + 1

= 
= 36𝛼2𝑥2 − 36𝛼𝑥2 + 12𝛼𝑥 − 24𝛼2𝑥 

3(𝛼 − 1)𝑥 − 𝛼)√12𝑥2 − 4𝑥 + 1 = 9𝛼𝑥2 − 9𝑥2 − 3𝛼𝑥 

3(𝛼 − 1)𝑥 − 𝛼)√12𝑥2 − 4𝑥 + 1 = 3𝑥(3𝛼𝑥 − 3𝑥 − 𝛼) = 3𝑥(3(𝛼 − 1)𝑥 − 𝛼) 
(3(𝛼 − 1)𝑥 − 𝛼) (√12𝑥2 − 4𝑥 + 1 − 3𝑥) = 0  

3(𝛼 − 1)𝑥 − 𝛼 = 0 ⟹  𝑥 =
𝛼

3(𝛼 − 1)
< 0,

2

3
≤ 𝛼 < 1 bo′lganda 

√12𝑥2 − 4𝑥 + 1 = 3𝑥 ⟹ 12𝑥2 − 4𝑥 + 1 = 9𝑥2  ⟹ 3𝑥2 − 4𝑥 + 1 = 0 

𝐷 = 16 − 12 = 4 𝑥3(1) =
4 − 2

6
=

1

3
 𝑥3(2) =

4 + 2

6
= 1 

𝑥1(1) = 𝑥3(1) +
1

2
−

1

2
√12𝑥3(1)

2 − 4𝑥3(1) + 1 =
1

3
+

1

2
−

1

2
√12 ∙

1

9
−

4

3
+ 1

=
5

6
−

1

2
=

1

3
 

𝑥2(1) = −(3𝛼 ∙
1

3
−

1

3
− 𝛼 −

1

2
)

− √(9𝛼2 − 9𝛼 + 3)
1

9
+ (3𝛼 − 6𝛼2 − 1)

1

3
+ 𝛼2 +

1

4
= 

−𝛼 +
1

3
+ 𝛼 +

1

2
− √𝛼2 − 𝛼 +

1

3
+ 𝛼 − 2𝛼2 −

1

3
+ 𝛼2 +

1

4
=

5

6
− √

1

4
=

5

6
−

1

2
=

1

3
 

𝑀1 (
1

3
,
1

3
,
1

3
)  qo′zg′almas nuqta ekan. 
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𝑥1(2) = 𝑥3(2) +
1

2
−

1

2
√12𝑥3(2)

2 − 4𝑥3(2) + 1 = 1 +
1

2
−

1

2
√12 − 4 + 1 =

3

2
−

3

2

= 0 

𝑥2(2) = −(3𝛼𝑥3(2) − 𝑥3(2) − 𝛼 −
1

2
)

− √(9𝛼2 − 9𝛼 + 3)𝑥3(2)
2 + (3𝛼 − 6𝛼2 − 1)𝑥3(2) + 𝛼2 +

1

4
= 

−(3𝛼 − 1 − 𝛼 −
1

2
) − √9𝛼2 − 9𝛼 + 3 + 3𝛼 − 6𝛼2 − 1 + 𝛼2 +

1

4

= −3𝛼 + 1 + 𝛼 +
1

2
− √4𝛼2 − 6𝛼 +

9

4
=

= −2𝛼 +
3

2
−

1

2
√16𝛼2 − 24𝛼 + 9 = −2𝛼 +

3

2
−

1

2
√(4𝛼 − 3)2 = 0,  

2

3
≤ 𝛼 ≤

3

4
 bo′lsa, bu holda 𝑀2(0,0,1) ham qo′zg′almas nuqta bo′ladi.  

Endi qo‘zg‘almas nuqtalarning tipini aniqlaymiz.  

𝐵 = (

𝑥1
2 + 2𝑥2𝑥3

𝛼𝑥1
2 + (1 − 𝛼)𝑥2

2 + 2(𝛼𝑥2𝑥3 + (1 − 𝛼)𝑥1𝑥3)

𝛽𝑥1
2 + 𝛾𝑥2

2 + (1 − 𝛽 − 𝛾)𝑥3
2 + 2(𝛽𝑥2𝑥3 + 𝛾𝑥1𝑥3 + (1 − 𝛽 − 𝛾)𝑥1𝑥2)

) 

 (𝐵𝑥 = 𝑥); 

{

𝑥1
2 + 2𝑥2𝑥3 = 𝑥1́

𝛼𝑥1
2 + (1 − 𝛼)𝑥2

2 + 2(𝛼𝑥2𝑥3 + (1 − 𝛼)𝑥1𝑥3) = 𝑥2́

𝛽𝑥1
2 + 𝛾𝑥2

2 + (1 − 𝛽 − 𝛾)𝑥3
2 + 2(𝛽𝑥2𝑥3 + 𝛾𝑥1𝑥3 + (1 − 𝛽 − 𝛾)𝑥1𝑥2) = 𝑥3́

  

𝑥3 = 1 − 𝑥1 − 𝑥2 

{
𝑥1́ = 𝑥1

2 + 2𝑥2(1 − 𝑥1 − 𝑥2)

𝑥2 =́ 𝛼𝑥1
2 + (1 − 𝛼)𝑥2

2 + 2𝛼𝑥2(1 − 𝑥1 − 𝑥2) + 2(1 − 𝛼)𝑥1(1 − 𝑥1 − 𝑥2)
 

 

{

𝑥1́ = 𝑥1
2 − 2𝑥2

2 − 2𝑥1𝑥2 − 2𝑥2

𝑥2́ = 𝛼𝑥1
2 + (1 − 3𝛼)𝑥2

2 − 2𝛼𝑥1𝑥2 + 2𝛼𝑥2 + 2(1 − 𝛼)𝑥1 − 2(1 − 𝛼)𝑥1
2

−2(1 − 𝛼)𝑥1𝑥2

 

{
𝑥1́ = 𝑥1

2 − 2𝑥2
2 − 2𝑥1𝑥2 − 2𝑥2

𝑥2́ = (3𝛼 − 2)𝑥1
2 + (1 − 3𝛼)𝑥2

2 − 2𝑥1𝑥2 + 2𝛼𝑥2 + 2(1 − 𝛼)𝑥1

 

𝜕𝑥1́

𝜕𝑥1
= 2𝑥1 − 2𝑥2,

𝜕𝑥1́

𝜕𝑥2
= −4𝑥2 − 2𝑥1 − 2 

𝜕𝑥2́

𝜕𝑥1
= 2(3𝛼 − 2)𝑥1 − 2𝑥2 + 2(1 − 𝛼) 
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𝜕𝑥2́

𝜕𝑥2
= −2𝑥1 + 2(1 − 3𝛼)𝑥2 + 2𝛼 

𝑀1 (
1

3
,
1

3 
,
1

3
)  nuqtadagi qiymatlarini topamiz: 

𝜕𝑥1́

𝜕𝑥1

(𝑀1) = 0 
𝜕𝑥1́

𝜕𝑥2

(𝑀1) = −4 
𝜕𝑥2́

𝜕𝑥1

(𝑀1) = 0 
𝜕𝑥2́

𝜕𝑥2

(𝑀1) = 0 ⇒ 

(
−𝜇 −4
0 −𝜇

)  matritsaga ega bo′lamiz. Endi shu matritsaning determinantini 

nolga tenglashtiramiz. 

𝑑𝑒𝑡 |
−𝜇 −4
0 −𝜇

| = 0 ⇒  𝜇2 = 0 ⇒ 𝜇 = 0  

Demak, 𝑀1 (
1

3
,
1

3 
,
1

3
) qo‘zg‘almas nuqta tortuvchi. 

Endi ikkinchi topilgan qo‘zg‘almas nuqtada hisoblaymiz: 
𝑀2(0,0,1) 

𝜕𝑥1́

𝜕𝑥1

(𝑀2) = 0 
𝜕𝑥1́

𝜕𝑥2

(𝑀2) = 0 
𝜕𝑥2́

𝜕𝑥1

(𝑀2) = 0 
𝜕𝑥2́

𝜕𝑥2

(𝑀2) = 0 ⇒ 

(
−𝜇 0
0 −𝜇

)  matritsa determinantini qaraymiz 

𝑑𝑒𝑡 |
−𝜇 0
0 −𝜇

| = 0 ⇒  𝜇2 = 0 ⇒ 𝜇 = 0. 

Bundan ko‘rinadiki, 𝑀2(0,0,1) qo‘zg‘almas nuqta ham tortuvchi ekan. 
Shunday qilib quyidagi teorema isbotlandi: 
Teorema. (1) operatop 𝑀1 (

1

3
,
1

3
,
1

3
)  qo′zg′almas nuqtaga ega va u tortuvchi. 

2

3
≤ 𝛼 ≤

3

4
 bo′lsa, yana bitta 𝑀2(0,0,1) qo′zg′almas nuqta hosil bo′ladi va 

uning tipi ham tortuvchi bo‘ladi. 
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